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1 Abstract 



We prove that the conjectural depth zero local Langlands correspondence of DeBacker/Reeder 
agrees with the depth zero local Langlands correspondence as described by Moy, for the group 
GL(£, F), where £ is prime and F is a local non-archimedean field of characteristic 0. We also prove 
that if one assumes a certain compatibility condition between Adler's and Howe's construction of 
supercuspidal representations, then the conjectural positive depth local Langlands correspondence 
of Reeder also agrees with the positive depth local Langlands correspondence as described by Moy, 
for GL(£,F). Specifically, we first work out in detail the construction of DeBacker/Reeder for 
GL(£,F), we then restate the constructions in the language of Moy, and finally prove that the 
correspondences agree. Up to a compatibility between Adler's and Howe's constructions, we then 
do the same for Reeder's positive depth construction. 

2 Introduction 

Let Fbea local non-archimedean field of characteristic zero. Let G be a connected reductive group 
defined over F. The local Langlands correspondence asserts that there is a finite to one map from 
the set of admissible representations of G(F) to the set of Langlands parameters of G(F), satisfying 
various conditions. Until recently, this has only been proven for special cases of groups such as 
GL(n,F), Sp(4,F), and U(3). The local Langlands correspondence for GL(n,F) has been proven 
independently by Harris/Taylor and Henniart. More recently, DeBacker/Reeder and Reeder, in [6] 
and [10J , have described conjectural local Langlands correspondences for a more general class of 
groups, for certain classes of Langlands parameters. Despite the fact that their correspondences 
satisfy several requirements that the Langlands correspondence should have, their correspondences 
are still conjectural. One would therefore like to know whether they agree at least with the proven 
correspondences in the known cases. We prove that the correspondence of [6] agrees with the 
known correspondence for GL(£,F), and that the correspodnence of [10] agrees with the known 
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correspondence for GL(£,F) if one assumes a certain compatibility condition which we describe 
later. 

For GL(n, F), the constructions of Harris /Taylor, Henniart, and DeBacker/Reeder (and Reeder) 
use different methods. We first recall the classical construction of the tame local Langlands corre- 
spondence for GL(£,F), due to Moy in [S]. We note that a tame local Langlands correspondence 
for GL(n, F) was conjectured by Moy in [9] for general n. Because of recent work of Bushnell and 
Henniart (see [3]), the correspondence of [9] is correct for GL(£,F), £ a prime. 

Definition 2.1. Let E/F be an extension of degree £, £ relatively prime to the residual character- 
istic of F, and let x be a character of E*. The pair (E/F,x) is called admissible if x doesn't come 
via the norm from a proper subfield of E containing F. 

We write P^(-F) for the set of .F-isomorphism classes of admissible pairs (E/F, x) where E/F is 
a degree £ extension (for more information about admissible pairs, see [9]). Let A° e (F) denote the 
set of supercuspidal representations of GL(£,F). Howe constructs a map (see [8]) 

F e (F) -> A° e (F) 

(E/F, X )^n x 

This map is a bijection (see [9]). Let G®(F) denote the set of irreducible ^-dimensional representa- 
tions of Wp. We then have a bijection (see [9]) 

F e (F) -> G° e (F) 

(E/F,x)^Ina% F E (x) =■ <Kx) 
The local Langlands correspondence is then given by 

<Kx) 7T xAx 

for some subtle finite order character A x of E* . In the case of depth zero supercuspidal represen- 
tations, there is only one extension E/F to deal with, namely, the unramified extension of F of 
degree £. 

On the other hand, the constructions of DeBacker/Reeder (see [6]) and Reeder (see [10]) ex- 
tensively uses Bruhat-Tits theory. To a certain class of Langlands parameters for an unramified 
connected reductive group G, they associate a character of a torus, to which they attach a collection 
of supercuspidal representations on the pure inner forms of G(F), a conjectural L-packet. They 
are also able to isolate the part of this packet corresponding to a particular pure inner form, and 
prove that their correspondences satisfy various natural conditions, such as stability. 

Specifically, we will prove the following. Let E/F be the unramified degree £ extension, £ a 
prime. To any TRSELP ("tame, regular, semisimple, elliptic, Langlands parameter") for GL(£,F), 
we show that the theory of Debacker /Reeder attaches the character x^x °^ ^* > ^° wri ich is attached 
the representation tt x a x • This will prove that their correspondence agrees with the correspondence 
of [9] for GL(£,F). 

We then prove the same for Reeder's construction, if one assumes a certain compatibility condi- 
tion, which we describe now. Reeder's construction in [lOj] begins by canonically attaching a certain 
admissible pair (L/F, Q) to a Langlands parameter for GL(£, F). His construction then inputs this 
admissible pair into the theory of pQ in order to construct a supercuspidal representation ir(L, $7) 
of GL(£,F). The compatibility condition that we will need to assume is that 7r(L,f2) is the same 
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supercuspidal representation that is attached to {L/F,Q) via the Howe construction in [8J. We 
remark that this compatibility condition does not seem to be known to the experts. 

We wish to make an interesting remark regarding the correspondences of Moy and 
DeBacker/Reeder (and Reeder, assuming the above compatibility). Although the correspondence 
of Moy agrees with DeBacker/Reeder (and Reeder, assuming the above compatibility), there are 
some important details that are different. In particular, the passage from a Langlands parameter 
to a character of a torus has a subtle but important difference. To illustrate this difference, we 
rewrite both correspondences to include their factorization through characters of elliptic tori as 

{Langlands Parameters from [5] or [10] for GL(£,F)} -> P e (F) -> A° e (F) 

Then, the correspondence of Moy is given by 

0(X) = IndjgCx) ^ (E/F, X ) -> n xAx 

whereas the correspondences of DeBacker/Reeder (and Reeder, assuming the compatibility) are 
given by 

c/)(x)=Ind^ E (x)^(E/F,xA x )^x xAx . 

We now briefly present an outline of the paper. In section [3l we introduce some notation that we 
will need throughout. In section [U we briefly recall some of the key components to the construction 
of DeBacker/Reeder from [6]. In section El we recall the tame local Langlands correspondence for 
GL(£,F) as explained in [9]. In sections [6] and [TJ we work out the theory of [6] for GL(2,F), and 
we show that the correspondence of DeBacker/Reeder and Moy agree for GL(2,F). In sections [8] 
and[9l we work out the theory of [6] for GL(m, F), where m is an odd prime, and we show that the 
correspondence of DeBacker/Reeder and Moy agree for GL(m, F). Finally, in section [TOl we work 
out the theory of [TO] for GL(£,F), where I is prime, and we show that under the compatibility 
condition, the correspondence of Reeder and Moy agree for GL{£, F). 

Acknowledgements. This paper has benefited from conversations with Jeffrey Adams, Jeffrey 
Adler, Gordan Savin, and Jiu-Kang Yu. 

3 Notation 

Let F denote a non-archimedean local field of characteristic zero. We let Of denote the ring of 
integers of F, pF its maximal ideal, f the residue field of F, q the order of f, and p the characteristic 
of f. Let f m denote the degree m extension of f. We will also sometimes write Uf for the residue 
field of F. We let w denote a uniformizer of F. Let F u denote the maximal unramified extension 
of F. We have the canonical projection 

U:0 F ^0 F /(l+p F )=f 

We denote by Wp the Weil group of F, Ip the inertia subgroup of Wp, Ip~ the wild inertia 
subgroup of Wp, and Wp b the abelianization of Wp. We denote by W' F the Weil-Deligne group, 
we set Wt '■= Wp/Ip, and we set It '■= Ip/Ip. We fix an element $ G Gal(F/F) whose inverse 
induces the map x H > x q on $ := f. Likewise, if E/F is the unramified extension of degree £, we 
fix an element &p E Gal(E / E) whose inverse induces the map x i— > x ql on J := f. Let G be a 
connected reductive group over F, and set G = G(F U ). We fix T C G, an ^"-split maximal torus 
which is defined over F and maximally F-split, and set T = T(i ?u ). We write X := X*(T), W a 
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for the finite Weyl group N@(T)/T, and set N := Ng(T). We write W for the extended affine 
Weyl group, and W° for the affine Weyl group. We let A := A(T) be the apartment of T. We 
denote by 8 the automorphism of X, W induced by and 8 the dual automorphism. If E/F is a 
finite Galois extension, then we denote by ^e/f the local class field theory character of F* with 
respect to the extension E/F. If x € E* satisfies x|i+p E = 1> then x\o* E factors to a character, 
denoted Xo, of k* E , given by Xo{x) ■= x( u ) f° r an y u £ o* E such that II(u) = x, where x £ k* E . If 
E/F is the degree i unramified extension, where t is prime, we once and for all fix a generator £ 
of Gal(E/F). We also fix a generator of Gal(fe/f), which, abusing notation, we also denote by £. 
If X is a character of E* or f|, we let x^ denote the character given by xH x ) := x(£,( x ))- If L/K is 
a Galois quadratic extension, we let the map x^i denote the nontrivial Galois automorphism of 
L/K. If A is a group and B is a normal subgroup of A, we denote the image of a G ^4 in A/i? by 
[a]. If (j) : C — )• D is a group homomorphism and <j> is trivial on a normal subgroup M < G, then we 
will abuse notation and write <fi\c/M f° r the factorization of (f) to a map C/M — > D. For example, 
the Langlands parameters in [6] are trivial on the wild inertia subgroup I E of the inertia group If- 
Therefore, if 4> is such a Langlands parameter and It := Ip/Ip, we will write (j)\i t to denote the 
factorization of (f)\j F to the quotient If. 

4 Review of Construction of DeBacker and Reeder 

We first review some of the basic theory from [6|. We first fix a pinning (T, B, {x a }) for G over F. 
Following [6j, we may form the semidirect product L G := < 8 > kG. 

Definition 4.1. A Langlands parameter <fi : W' E — > L G is called a tame regular semisimple elliptic 
Langlands parameter (abbreviated TRSELP) if 

(1) is trivial on I E , 

(2) The centralizer of 4>(If) in G is a torus. 

(3) Cg(^)° = (Z s )°, where Z denotes the center of G. 

Condition (2) forces 4> to be trivial on SL(2,C). Let iV = N^lT). After conjugating by G, we 
may assume that (/>(-/f) C T and = Of, where / € N. Let w be the image of / in W Q , and let 
w be the element of W Q dual to w. 

Let <j> be a TRSELP with associated u; and set u = wQ. Let <r be the automorphism dual to a, 
and let n be the order of a. We set G a b := G/G', where G" denotes the derived group of G. Let 
L T a := (a) x T. Associated to 0, DeBacker /Reeder (see [U Chapter 4]) define a T-conjugacy class 
of Langlands parameters 

<pr '■ Wf — > L T a (1) 

as follows. Set ^ := on 7^?, and </>t(^ > ) := <5" x t where r E T is any element whose class in 
T/(l — a)T corresponds to the image of / in G a &/(1 — 8)G a b under the bijection 

f /(l - <t)T ^ G a6 /(1 - 0)G a6 (2) 

In [BJ Chapter 4], DeBacker and Reeder construct a canonical bijection between T-conjugacy 
classes of admissible homomorphisms (j) : Wt — > L T a and depth zero characers of T® a where 
4v := cr (8) < 1 )_1 . We briefly summarize this construction. Let T := X ® J*. Given automorphisms 
a,/3 of abelian groups A,B, respectively, let Hom a ${A,B) denote the set of homomorphisms 
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/ : A ->■ B such that / oa = /3 o /. The twisted norm map N a (t) = t® a (t)®l(t) ■ ■ ■ 1 (t) induces 
isomorphisms 

Hom(T^,C*) ^Hom* < „ w (T*5,C*) ^ Hom W(i (X ® f*,C*) 

Moreover, the map sh>Xs gives an isomorphism 

Hom*,*(ft, f ) ^> Hom $CTiH (X f* , C*) 

where Xs(A <8> a) := A(s(a)). The canonical projection — >■ induces an isomorphism as <&- 
modules J t /(1 -yld(<l>) m )/ t -4 f* n . Since a has order n, we have Hom$^(f*,T) = Rom Ad ^^ a (I t ,f). 
Therefore, the map s H> Xs is a canonical bijection 

Hom AmA (I t ,f) 4 Hom(T*-,C*) 

Moreover, we have an isomorphism 

°T* CT x X a ^> T* CT 
(7, A) ' y 7AM 

where °T is the group of Oi?«-points of T. 

Finally, note that T/(l — a)T is the character group of X a , whereby r G T/(l — a)T corresponds 
to Xt G Hom(X°,C*), where Xr(A) := A(r). Therefore, we have a canonical bijection between T- 
conjugacy classes of admissible homomorphisms 4> :Wt — >■ L T CT and depth zero characters 

X*:=X.®XT€lrr(T*«') (3) 

where s := 4>\i t , = a ix r. 

To get the depth zero L-packet associated to 0, one implements the component group 

Irr(CV) ^ [X/(l - w6)X} tor 

as follows. We set X w to be the preimage of [X/(l — w9)X] tor in X. To A G J w , DeBacker and 
Reeder associate a 1-cocycle u\, hence a twisted Frobenius $a = Ad(u\) o <!>. Moreover, to A, 
they associate a facet J\, and hence a parahoric Ga associated to J\. Let Ga := G\/G~t. Let 
Wa be the subgroup of W° generated by reflections in the hyperplanes containing J\. Then to A, 
DeBacker/Reeder also associate an element w\ G W\. Fix once and for all a lift w of w. Using 
this lift, DeBacker and Reeder also associate a lift w\ of w\ to N. By Lang's theorem, there exists 
px G Ga such that p^&xiPx) = w\. We then define T\ := Ad(p\)T, and set xx '■= X</> ° -^(Pa) -1 - 
Since xa is depth zero, it gives rise to an irreducible cuspidal Deligne-Lusztig representation k° of 
G^ A . Innate k° to a representation of G^ x , and define an extension to Z Fx G^ x by 

KX ■= XX <8> K\ 

where Z denotes the center of G. Finally, form the representation 

^A :=Ind zFxG F x n x 

where Ind denotes smooth induction. Then DeBacker/Reeder construct a packet of represen- 
tations on the pure inner forms of G, parameterized by Irr(C^), using the above construction. 
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5 Existing Description of the Tame Local Langlands Correspon- 
dence for GL(£, F), £ a prime 

In this chapter, we describe the construction of the tame local Langlands correspondence for 
GL(£, F) as explained in [9], where £ is a prime. 

5.1 Depth zero supercuspidal representations of GL(£,F), £ a prime 

Let (E/F,x) be an admissible pair where x has level and E/F has degree £. By definition 
of admissible pair, this implies that E/F is unramified. Then kE/kp is a degree £ extension. 
Moreover, since x|i+p B = 1; xlo* is the inflation of the character Xo of k* E . By the theory of finite 
groups of Lie type, this character gives rise to an irreducible cuspidal representation A' of GL(£, /cp), 
which is the irreducible cuspidal Deligne-Lusztig representation corresponding to the elliptic torus 
k* E C GL(£, fcp) and the character Xo of k%. Let A be the inflation of A' to GL(£,0f). We may 
extend A to a representation A of K(F) := F*GL(£,0f) by setting A\p* = x\f*, and then induce 
the resulting representation to all of G(F) = GL(£,F). Set 

vr x = clnd^p] A 

where clnd denotes compact induction. Let P£(F)o be the subset of admissible pairs (E/F,x) 
such that x has level zero and A®(F)q be the subset of depth zero supercuspidal representations of 
GL(£,F). 

Proposition 5.1. Suppose that p ^ £. The map (E/F, x) l— >• induces a bijection 

P e (F) -> A°(F) 

Proof. See [9]. 

□ 

5.2 Positive depth supercuspidal representations of GL(£,F), £ a prime 

In this section we recall the parameterization of the positive depth supercuspidal representions 
via admissible pairs, following [9]. Let A°(F) + denote the set of all positive depth irreducible 
supercuspidal representations of GL(£,F), and let P^(i ? ) + denote the set of all admissible pairs 
(E/F,x) £ ^e(F) such that x has positive level. 

Proposition 5.2. Suppose that p ^ £. There is a map (E/F,x) ^ k x that induces a bijection 

F e (F) + -»• A° e (F) + 

Proof. See [9]. □ 

5.3 Langlands parameters 

Let G®(F) be the set of equivalence classes of irreducible smooth ^-dimensional representations 
of Wf- Recall that there is a local Artin reciprocity isomorphism given by ^ E*. Then, if 
(E/F,x) £ Pe(F), x gives rise to a character of Wf, which we can pullback to a character, also 
denoted Xi °f We- We can then form the induced representation 4>{x) '■= Ind w F x °f Wf- 
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Theorem 5.3. Suppose p ^ I. If(E/F,x) £ Pfff), the representation <f>(x) °fWF is irreducible. 
The map (E/F,x) ^ <Hx) induces a bijection 

P e (F) -»• G° e (F) 

Proof. See [9]. □ 
For the next theorem, we will need to associate to any admissible pair (E/F,x) £ ^iiF) a 
specific character A x of E* . We will not define A x in general, but only for the cases that we need 
in this paper. For the general definition of A x associated to any admissible pair (E/F, x) £ Pe(E), 
see [9]. 

Definition 5.4. Let (E/F,x) be an admissible pair in which E/F is quadratic and unramified. 
Define A x to be the unique quadratic unramified character of E*. 

Definition 5.5. Let (E/F,x) be an admissible pair in which E/F is degree m and unramified, 
where m is an odd prime. Define A x to be the trivial character of E*. 

Theorem 5.6. Tame Local Langlands Correspondence 

Suppose p ^ £. For <p G G®(F), define tt(4>) = ^x^x * n ^ e notation of Propositions HOI and \5.^\ 
for any (E/F, x) £ Pi{F) such that (j) = <j>(x)- The map 

7r:G?(F)->A°(F) 

is the local Langlands correspondence for supercuspidal representations of GL(£, F). 

Proof. See [9]. □ 



6 The case of GL(2,F) 

In this section, we consider the group G(F) = GL(2,F). We will show that the conjectural 
correspondence of [6] agrees with the local Langlands correspondence for GL(2, F) given in Section 

13 

Let 4> : W F -¥ L G be a TRSELP for G(F) = GL(2,F). This is equivalent to being an 
irreducible admissible <j) : Wf — > GL(2,C) that is trivial on the wild inertia group. By Section T5.3| 
we have that <fi = Ind w ^(x) f° r some admissible pair (E/F,x), where x nas level zero and E/F 
is quadratic unramified. We will need the relative Weil group We/f := Wf/[We,We] c (see [HI 
Chapter 1]), where c denotes closure and [We, We] denotes the commutator subgroup of We- The 
representation <p = I n d^/ E {x) factors through We/Fi since 4>\w E = X®X^i where x^( z ) '■= x(£,( z ))- 

We begin by calculating the character x<j> from ([3|). Note that L G = (6) x GL(2, C), T is the 
split maximal torus in G = GL(2,C), and after conjugation, we may assume (P(If) C T. Moreover, 
<fi(&) = Of for some f €. N such that w is the nontrivial element of the Weyl group W Q . 

We first calculate Xs- To do this, we must calculate the composite isomorphism 

Hom M$) ^(/ t ,f) ^ Hom^(f*,T) ^ Hom* a>Id (X f 2 , C*) 
^ Hom$ (Ti / d (T*-,C*) -4 Hom(T* CT ,C*) 

from Section^ 
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Proposition 6.1. The isomorphism 

Hom Ad ( $) ^(I t ,f) ^ Hom$^(f2,T) 

is given by 



where 



Xo(x) 

v a; G f 2 



and where s = (p\j t , (j) = Ind w F (x) 



Proof. Since <r has order 2, s G HoniM$) j(J(,T) is trivial on (1 — yki(<I>) 2 )/ t , so factors to It/(1 
^4(i(<I>) 2 )/f . We first note that the isomorphisms 

/ t = limf^ I t /(l-M(*) 2 )I t ^f 2 

m 

are induced by local Artin Reciprocity (see [TOl Chapter 5]). Moreover, the map Hom^j^^t, T) - 
Hom$ j( 5-(f2, T) comes from the following diagram: 



It/ (I - Ad{$Y)I t 

I 



-> T 



T2 

Recall that </> factors through W e /f- Therefore, we also have the following commutative diagram. 



W F — ^ GL(2,C) 



W E/F 

It is a fact that W e /f ls an extension of Gal(E/F) by E* , and can be described by generators and 
relations as follows. Set theoretically, W e /f = E* U jE* where j G W^/f 1S an element such that 
j 2 = zu and jzj~ l = £,(z). Then the map Wp — > W E / F sends If to and $ to j. 
Let us calculate the map (3. Consider the canonical sequence 

1 -»• W E /[W E , W E ] C -> W>/[Wb, Wy c -> W F /VK E ^ Gal(E/F) ->• 1 

Recall that is trivial on [W E ,W E ] C . To calculate it suffices to calculate 0|w B since 

W E /[W E , W E ] C = E* by Artin reciprocity. But 4>\ We = X © X 5 - Therefore, 



0(t) 



X(i) 
x*(t) 



Vt G 
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Moreover, since <j) is irreducible, we have that j3(J) G Nqu2,C)(T) represents the nontrivial element 
of the Weyl group. 

Since 4>\ I + = 1, we have that /3|i+ Pb = 1, so /9| * factors to a map j3 s : f 2 — > GL(2, C), given by 



Xo(x) 
xo(x) 



Ux) = ( Ao y . e , , ) g 



□ 



Proposition 6.2. T/ie composite isomorphism 

nom M[m (I t ,f) ^Hom^(f*,T) Hom $CT , w (X ® f*, C*) 

^Hom^, 7d (T^,C*) 
sends s to where Xoi x ii x 2) '■= Xo(xi)Xo(%2) and where s = 4>\i t ,4> = Irad^(x). 
Proof. Note that the composite isomorphism 

Hom^(f^f)^Hom $CTjW (X®f^C*)^Hom^ !jd (T^,C*) 

is given by 

5 1 ^ {A(x) H> A(a(x))} 

where x G f| and A G X = X»(T) = X*(f). T splits over f 2 and note that T*' ^ f* x f*. Then it 
is easy to see that under this composite isomorphism, f3 s (where f3 s is as in Proposition 16. ip maps 
to the homomorphism 

(x 1 ,x 2 ) H- Xo(xi)xl(x2) Vxi,x 2 G fa 
by considering the canonical basis of cocharacters of X. □ 
Proposition 6.3. The isomorphism Hom$ CTi /rf(T*°', C*) — > Hom(T* CT ,C*) is given by 

Hom $CTiW (T*-,C*) ^ Hom(T $CT ,C*) (4) 
A^ A' 

where A' (a) := A((x,y)) for any (x,y) G x f% such that xy = a, a G f|. 

Proof. Recall that the isomorphism Hom$ CT /^(T*^, C*) — )• Hom(T* CT ,C*) is abstractly given by 

Hom$„, /d (T*-,C*) ^> Hom(T $CT ,C*) 

A^ A' 

where A' (a) := A((x, y)) for any (x,y) G x such that N a ((x,y)) = a. So it remains to compute 

We need some preliminaries. First note that = tu$ _1 ((x, y)) = w(x,y) = (y,x). 

Therefore, T*' = f \ X f % and T $CT = f 2 . Making the identification of with pairs (x,y) G % x f£, 
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we have that T*- = {(x,y) G f* 2 x % : $ a (x,y) = (x,y)} = {(x,y) G % x f* : (y,x) = (x,y)} = 
If (x,y) G f* x f* = T*-, then 

N A(x,y)) = (x,y)$ CT ((x,y)) = (x,y)(y,x) = (xy,yx) = (s,s) 
where s = xy. Therefore, N a is the map 

N a : T*« -> T $<T 

(x, y) (->• xy, V(x, y) G f 2 x f 2 

□ 

We now need to obtain a character of °T* CT from a character of T* CT . In our case, °T* CT = o E , 
which has a canonical projection map o* E = °T* CT T* CT = f|. Then, given £ G Hom(T* tT , C*), 
we obtain a character /u of °T* CT = given by fi(z) := ^(t](z)),z G o^. Let us more explicitly 
calculate such a fi, given some A' G Hom(T* CT ,C*) that comes from a A G Hom$ CTi /rf(T* CT , C*) as in 
(g|). Let jb G o|;. Then /j,(z) = A'(r/(z)) = A((t/(», 1)), by Proposition 

We may now calculate the character Xs that arises from 0, where s = 4>\i t an d = ^ na ^w F E {x)- 
The above analysis and Proposition 16.21 shows that Xs( z ) = Xo((v( z )i 1)) = Xo(^/(^)) = x{ z )i where 
z £ o* E . It remains to compute Xt- First note that if we make the identification X = Z x Z, then 
X CT = {(&, fc) : /c G Z}. Let Ao.^) G AT' 7 denote the character of T corresponding to (k, k) G Z x Z 
via this identification. 

Proposition 6.4. T/ie character Xr is given by 

Xr-X a ^ C* 

\k,k) i-> (-xM) fc 

Proof. Note that # = 1 and G" = SL(2, C), so r is any element whose class in T/ (1— <j)T corresponds 
to the image of / in GL(2,C)/SL(2,C) under the bijection 

T7(l -a)f ^ GL(2,C)/5L(2,C) 

as in ([2]). We thus need to compute / first. 

Recall that 0($) = where /3 is as in the proof of Proposition 16.11 Recall that since <j) is 

irreducible, then f3(j) = f ^ ^ for some a, 6 G C*. After conjugation by G, we may assume 

that 6 = 1. But since j 2 = w, we have 



Therefore, a = x{ w ) an d so (3(j) = f J ^C^ 7 ) ^ _ Therefore, we may take / = ^ ^ 
We now note that the bijection 

T/(l - <t)T 4 G a6 /(1 - #)G a 6 
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is induced by the inclusion T > G (see [H page 31]). Now, we have that 











[( -r ; i 




[(? 


xm y 



G GL(2,C)/SL(2,C) 



since 



Therefore, since 



1 

-x(w) o 



1 

given by Xr(A( fc)fc )) = A (fe)fe )(r) = A (fcjfe) 



■xH o 

1 



G T, we may set r 



1 
-1 

- X {w) 
1 



G 5L(2,C) 



Then \r ■ X a -)• C* is 
□ 



-xH o 

1 

Recall that we have computed x</> on jg- It remains to compute x<f>( w )- Because of the 
isomorphism 

(7, A) i-> 7AO), 

we need to compute x^(l, But X<^(L <V,1)) = Xs(l)xA\i,i)) = ~x{^)- Therefore, x<t>{™) = 

-xM- 

Proposition 6.5. \<t> = xA x , w ^ ere 4> = I na ^w E {x)- 

Proof. Recall that we have shown that x<j>\o* E = x\o* E an d X<t>{ w ) = ~x( w )- Since A x is the unique 
quadratic unramified character of E* , we have that A. x {w) = — 1 and A x | * = 1, so x^ = X^ x . □ 



7 Getting from character of torus to representation for GL(2, F) 

In this section we determine the packet of representations that DeBacker/Reeder assign to a 
TRSELP for GL(2,F), using the results from Section [6l 

Let us write E = F(5) where 5 = \/A for some non-square A G op. Note that [X/(l — 
w9)X] tor = 0, so we may let A = (recall that A G X w ). The proof of [6l Lemma 2.7.2] implies 
that we may take u\ = 1, and therefore $a = It is also easy to see that we may take w\ = w 
(see [BJ Section 2.7]) and w\ = w. 

Fix once and for all the lift 




of w as in [6l pages 18,32]. Recall that we need a p\ G G\ such that p x <&a(pa) = ^A- We may set 

Px= {~-5 ~s) 
since we then have p^^xipx) = w since 
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Now, we define T\ := Ad(p\)T. On the level of T(E), we have 

n*>={(; 



Note that 



We compute: 



Then 



7""'- If J ° ) :.»•€ E 



* 0\ _ x _/ ^ r 1 ^) 



P M y J Pa " V 5 (^) 



, a . ) : a, 6 G i 7 , a, 6 not both zero 
bA a J 



Note that we now have a simple description for the map Ad(p\) 

T 4>A MpaT^ T 0„ 



-1. 



a 6 \ / a + b5 
5A a J ^ a-b5 



Proposition 7.1. xa given by 



Xx {bA a ) =& A x)(<)> Vi = a + 6<5e£* 
where x\ is as in Section^ 

Proof. Recall that xa := X</> ° Ad(px) ■ Thus, the character xa is given by 
a b\ ( a + bd \ / a + b8 



bA a J ^ V o-Wj^ X ^ a - 65 
Write i := a + b5 = w n u, u 6 o^, so i = a — b5 = w n u. Recalling the isomorphism 

(7, A) i-> j\(w), 

we get that 

^(°"o M a-b6j =Xs (o l)^ X (^)) = x(u)(-x(^) n )- 



That is, 

a -65 
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□ 

Let us sum up the data that we have obtained so far. Given a TRSELP <j) for GL(2, F), we have 
obtained a torus T® w . Given A = G X w , we have constructed T* A and p\. We have T* A = E* . 
From <j> we have constructed a character Xcj> of T*™. Via Ad(p,\)> we transported x</> to a character 
Xx of ^* A - We have shown that xx = X^- x - Note that the restriction of xx to °T* A factors through 
a character of T* A . Then, the packet of representations that DeBacker/Reeder construct in [6] 
from this data is the single representation 

Ind F*Sf(2,o F )(XX^K° x ) 

Recall that in Section [5. 3} the local Langlands correspondence was given as 

We have therefore shown that the local Langlands correspondence of DeBacker/Reeder is given by 

Ind™ F E { X ) ^ vr xAx 

8 The case of GL(m, F), m an odd prime 

For section[8]and section[9l we consider the group G(F) = GL(m, F), where m is an odd prime. We 
will show that the conjectural correspondence of [6] agrees with the local Langlands correspondence 
for GL(m,F) given in Section [5j 

Let <f) : W F ->• L G be a TRSELP for G(F) = GL(m,F). This is equivalent to an irreducible 
admissible <p : Wf —> GL(m,C) that is trivial on the wild inertia group. By Section [5. 3( have that 
<j) = Ind^ F (x) for some admissible pair (E/F,x), where x has level zero and E/F is degree m and 
unramified. As in the case of GL(2,F), the representation <fi = Ind^^x) factors through W^/f- 

We begin by calculating the character X(j> from ([3]). Note that L G = (9) x GL(m,C). T is 
the split maximal torus in G = GL(m,C), and after conjugation, we may assume 4>(If) C T. 
Moreover, 0(<&) = Of for some / G N such that w is a cycle of length m in the Weyl group S m , 
the symmetric group on m letters. The reason for this requirement on the Weyl group element 
is that <p is TRSELP and so in particular it is elliptic. In particular, ellipticity is equivalent to 
requiring that the image of <j) is not contained in any proper Levi subgroup of L G (see [6l page 
25]). After conjugating the TRSELP by a permutation matrix in Nq(T), we may assume without 
loss of generality that w = (1 2 3 • • • m) G S m since all cycles of length m are conjugate in S m . 
Note that this choice implies that w = (1 2 3 • • • m) G S m . The arguments in the remainder of 
the paper are the same for all other allowable choices of w. 

Let us first calculate Xs, where s := (j)\j t (recall again that 4>\j+ = 1, so (f>\j F factors to If). As 
in Proposition 16. H we have the following proposition, whose proof is analogous. 

Proposition 8.1. The isomorphism 

Kom Ad ^ a (I t ,f) ^ Horned (j™,f ) 

is given by 
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where 



( Xo{x) 
xkx) 
X o(x) 









Xo (x) J 



\ o o o 

Proposition 8.2. The composite isomorphism 

Hom Ad ($)^(/ t ,r ) Hom$^(f^,f) 4 Hom$ CT! j d (X f„,C*) 

4Hom* aiW (T*?,C*) 

sends s to m Xo> where m Xoi x i' x 2, ■ ■ ■ ,x m ) := Xo(x\)xl(x2) - - Xo ( x m) and where s = <j>\i t ,</) = 
Indw F E {x)- 

Proof. The composite isomorphism 

Hom$^(f^,f) -4 Hom$ CTj / d (X (g> f^,C*) 4 Hom^^/^T^^*) 

is given by 

5 i->- {A(z) h-> A(a(x))} 

where x G f m and A G X = X m (T) = X*(f). T splits over f m and note that T*™ ^ x ... x f^. 
Then, it is easy to see that under this composite isomorphism, /3 S (where /3 S is as in Proposition 
18. ip maps to the homomorphism 



□ 



(xi,x 2 , -,x m ) i-> Xo(xi)xl(x2) ■ ■ -xT ( x m) Vx 1 ,x 2 ,...,x m G f* m . 
by considering the canonical basis of cocharacters of X. 

Proposition 8.3. The isomorphism Hom^/^T*™, C) — > Hom(T' I> ' T ,C*) is given by 



Hom$ CTi / ( i(T 



HomfT 



(5) 



A^ A' 

where A! (a) := A((xi, X2, • • • , x m )) /or any (xi,x 2 , • • • , x m ) G f ^ x f ^ x • • • x f * m such that 
x\x\ x\ ■ ■ ■ Xm = a, where a G f TO . 

Proof. Recall that the isomorphism Hom^ jd(T* CT , C*) -4 Hom(T* CT ,C*) is abstractly given by 

Hom Wd (T*™,C*) 4 Hom(T*%C*) 



A^ A' 

where A' (a) := A((xi,x 2 , ...,x m )) for any (xi,x 2 , -,x m ) G x f m x 
-/Vcr((^i,^2, -,a?m)) = a. 



x fj^ such that 
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We need some preliminaries. First note that $o-((xi, X2, • x m )) = ((xi, X2, x m )) = 

w{x\,X2, = (im, x\, x\, Therefore, T*™ = f * m x f * m x • • • x f * m (an m-fold product) 

andT^=f m . 

If we make the identification of T*™ with tuples (xi,X2, ...,x m ) G f m x f * m x • • • x f m , then we 
have that since we made our choice of w = (1 2 3 • • • m) G S m , we get T* CT = {(xi,X2, ...,x m ) G 

f m x fm x ■ ■ ■ x fm • (^mi x \i x \i ' ' " i x m —l) = ( x lj x 2i ^m)} = {(^li x \ i' ' ' i x \ ) '■ x l £ fm}- 
If (xi,x 2 , ...,x m ) G f m x f m x • • • x f m = T *™ , then 



N cr ((x 1 ,X2, ...,X m )) = (X1,X 2 , ...,X m )$ (7 ((xi,X2, X m ))$£((xi, X 2 , ...,X m )) ■ • • $™ 1 ((xi,X 2 , ...,X m )) 



/ w q q q q \ I <T q z <T 1 \ I Q Q q m ~ L 

^li*2i" , rmjrmi*lr2i i A m-l/rm-li' , 'ra) J 'l ! ' J/ m— 2/ v x 2 ' x 3 ' i J 'm ' x 



2 „2 ^2 „2 ^ /7 m_ 1 /7 m_ 1 „m— 1 

m-1 m-2 m-1 m-2 m-1 m-2 

\ J/ l J/ 2 3 m j 2 a 3 ^4 ^ 1 5 •)^m dj \ J 2 m 



□ 



"m-1 

Therefore, iV ff is the map 

: T*? -> T* CT 

(Xl, X2, X m ) H- > XiX 2 X3 • • • X m , V(xi, X2, X m ) G f m X f m X • • • X f m 

We now need to obtain a character of °T* CT from a character of T <Jv . In our case, °T* CT 
which has a canonical projection map o* E = °T* CT A T* CT = f^. Then, given £ G Hom(T* <T , C*), 
we obtain a character n of °T* CT = o^. given by n{z) := ((r](z)),z G o^. Let us more explicitly 
calculate such a //, given some A' G Hom(T* CT ,C*) that comes from a A G Hom<j, CTj /rf(T* CT , C*) as in 
©. Let z G o* E . Then ^(z) = A' (77(2)) = A((r/(z), 1, 1, • • • , 1)), by Proposition E3 

We may now calculate the character Xs that arises from cj), where s = <j)\i t and 4> = ^ n( ^fJ(X)- 
The above analysis and Proposition 18.21 shows that Xs(z) = m Xo(( 1 l( z )i L, 1, • • • ,1)) = Xo{vi z )) = 
x(z), where z £ o E . It remains to compute \t- First note that if we make the identification 
X = ZxZX'"XZ, then X a = {(k, k,- ■ ■ ,k) : k G Z}. Let \(k,k.--- ,fc) £ X a denote the character 
of T corresponding to {k, k, ■ ■ ■ , k) G Z x Z x • • • x TL via this identification. 

Proposition 8.4. The character Xr is given by 

Xt ■ X a -> C* 

Proof. Note that = 1 and G' = SL(m,C), so r is any element whose class in T/(l — <r)T 
corresponds to the image of / in GL(m, C)/ SL(m, C) under the bijection 

f/(l - o-)f ^> GL(m,C)/SL(m,C) 

as in (|2|). We thus need to compute / first. 

Recall that <j) factors through W E /p, and we have the commutative diagram 




15 



as in Proposition 16.11 It is a fact that W^/f ls generated by E* and an element j, with one of the 
relations being j m = w. As in Proposition 16.11 </>(<£) = /3(j). To compute recall that because 
of our choice of w, we have 

/ ••• ai \ 
a 2 ••• 

j3(j) = a 3 • • • 

V ••• a m / 

for some ai S C*. After conjugation the Langlands parameter by an element in G of the form 



/ x 2 
x 3 

x 4 



\ 








x m 
\ x\ • • • J 

we may assume that a 2 = a>3 = ■ ■ ■ = a m = 1- Therefore, 



o 





V o 













Therefore, a\ = x( w ) an d so we may take 



/ 

1 

1 

V 



P(w) = /3(j m ) 



( ax 
ai 
ai 



\ 









\ 



ai / 



o 





Now, we have that 











••• 0\ 








( 











••• xM\ 









1 





... o 










1 





















1 


... o 













1 










G GL(m,C)/SL(m,C) 


V o 







1 ) 








V 










1 ) 







16 



since 



/ 
1 
1 



X{™) 






1 / xH o o 



o 





1 





o \ 





/O 1 







1 







\1 



o \ 




1 

0/ 



\ ••• 1 / v ••• 1/ 

which is an element of SL(m,C). Therefore, we may set 

/ xM • • • \ 
1 ••• 
1 ••• 

V ••• 1 / 
Then Xr '■ X a — > C* is given by 

Xr(\k,k,- ,k)) = \k,k,- ,k)( T ) = (XM^ 

□ 

Recall that we have computed Xcf> on °*e- ^ remains to compute x<f>( w )- Because of the 
isomorphism 

°T* CT x X a —> T* CT 
(7, A) i-> j\(w), 

we need to compute X<f>(h\l,l,- ,1))- But ,1)) = Xs(l)Xr ,1)) = x{™)- Therefore, 

X<t>{™) = xM- 

Proposition 8.5. = X^x- 

Proof. Recall that we have shown that X(j>\o* E = x\o% an d X<t>( w ) = x( ro )- Therefore, x<j> = X- But 
recall that A x is trivial since m is an odd prime, so we have X4> = X^ x - □ 



9 Getting from character of torus to representation for GL(m, F), 
where m is an odd prime 

In this section we determine the packet of representations that DeBacker/Reeder assign to a 
TRSELP for GL(m,F), using the results from Section [H 

Let us write E = F{8) where 5 = \/A for some A 6 F*. Note that [X/{\ - w6)X] tox = 0, so 
we may let A = (recall that A G X w ). Again, as in the case of GL(2, F), we may take U\ = 1 (so 
that $a = t^A = and ib\ = w, where w is a fixed choice of lift of w. Since the theory of [6] 
is independent of any choices, we are free to choose a specific lift w, which we do now. First set 
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w := 



( o 
1 








1 











1 \ 






\ o o ••• i o / 

Recall that we need to find p\ G G\ such that p^^iPx) = w\- Via the standard action of E* 
on F m , by choosing the basis 1, 5, 5 2 , ■ ■ ■ , S 771 ^ 1 for E over F, we may embed E* into GL(m, F) as 



E* ^ GL(m, F) 



a + ai<5 + a 2 S z H h a m -i<5 m 1 •->• 



Lemma 9.1. There exists an A £ G\ such that 

/tO 



^ 2 (t) 

^ £ 3 (t) 



/ 


a 


Om-lA 


«rrt-2A 




• «iA \ 




ai 


a 


a m _iA 


^m^A • 


• a 2 A 




a 2 


ai 


a 


a m _iA • 


• a 3 A 




a 3 


a2 


ai 


a 




V 




a m -2 






a J 










A- x = 



\ o 








o £ m_1 (t) 


/ 




«m-lA 


a»n-2A 


a»n-3A • • • 


aiA \ 


ai 


a 


a m _iA 


a m _ 2 A • • • 


a 2 A 


a 2 


ai 


a 


a m _iA ••• 


a 3 A 


a 3 


02 


ai 


a 


a4A 


\ a m - 


1 «m-2 






ao / 


> 2 + -- 


• + a m _i^" 


- 1 G £*, 


ai G F. 





a,- G F 



Proof. Suppose R(x) is a polynomial of degree n in F[x] that splits over F. Then we get an 
isomorphism 

E[x]/{R{x)) ^ ®UE 

p(x) ^ (p(a 1 ),p(a 2 ),...,p(a n )) 

where ai are the roots of R(x). Letting R(x) = x m — A, and considering the basis 1 . X • X . • • • j X 
of E[x]/(x m - A), we get 

E[x]/{x m -A)^EeEe...efi 

Im- (1,1,1,...,!) 
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x 2 i — ^ ( ( 5 i ,$(<5) i ,$ 2 (,5) 2 ,..,$ m - i (<5) i ) 



„rra— 1 



^ ( ( 5 m - i ,$( ( 5) m - 1 ,^(5) 



\m— 1 



This transformation yields the matrix 



$ m " 1 (<5) 



m— 1 \ 



/ 1 


5 


<5 2 


<5 3 




1 


m 


$(<5) 2 


$(<5) 3 




1 




$ 2 («5) 2 


$ 2 («5) 3 • 


$ 2 (<5) m ~ 1 


1 


$ 3 (<5) 


$ 3 («5) 2 







V i 



m— 1 



m— 1 



$ m - 1 (<5) 2 $ m " 1 (<5) 3 • 

which is the inverse of the desired matrix A. Note that this is a Vandermonde matrix, whose entries 
are in o^. Therefore, its determinant is Oo<i<i<m— l 

(&(5) - &(5)), which equals 

(m — l)(m) .. m— 1 ■■ . r 

£ 5 llo<i<,<m-i( TJ - T ') = A ~ llo<i< 7 '< m -i( TJ - T *), where T is a primitive m m root 



i<j<m—l 1 J-0<i<j <m- 

of unity. It's clear that A - a - no<i<j<m-iC^' ? ~~ ^ s an element of 
sought matrix A is the inverse of the above Vandermonde matrix. 



As remarked before, the 
□ 



Set $ = w^ 1 A^ 1 ^(A). We now fix our choice of lift w of w by setting w := § ws$(s), which 
we shall show is a legitimate lift. We claim first that we may set p\ = As, and that s G G\ n T. 
Note that since we will show that s G G\ n T, this shows that p\ G Ga, which is required. To prove 
all of this, consider the adjoint action of A~ 1( I>(A) on T. First, for s G T*™, we have 

(A _1 *(A)) • $(s) = ^" 1 $(^)$(s)$(A)- 1 A = A-^^sA -1 )^ = A~ l AsA- l A = s 

since Lemma |9 . 1 1 implies that AsA -1 is fixed by $. 

We therefore have that (A~ 1 $(A)) • $(s) = io • $(s) Vs G Since T*™ is dense in T, we 

have that (A" 1 $(A)) • $(s) = w ■ $(s) Vs G T. This implies that (vj- 1 A" 1 $(A)) • s = s Vs G T 
since to is clearly a lift of w, which means that A~ 1 §(A)s(w~ 1 A~ 1( I>(A)) -1 = s Vs G T. This 
means that -u} -1 A -1 $(A) G G G (T) = T, so in particular w _1 A _1 <I>(A) = s G T. But A, to G G A 
implies that u) _1 A _1 <I>(A) G Ga, which implies that s G Ga n T. This shows that pa G Ga, which 
is required. Moreover, p^ 1 ^(p x ) = (As) _1 $(As) = s _1 A _1 <&(A)<J>(s) = s~ l ws$(s) = io. Finally, 
w is a lift of w since to is, and since s G T (thus, they represent the same Weyl group element), 
proving the claim. 

Thus, as in the case of GL(2, F), we have a p\ such that p^ 1 ^\(p\) = w, and w is indeed a lift 
of w. Then if we define T\ := Ad(jp\)T, we get 





/ 


a 




O m _3A • 


• aiA \ 








ai 


a 


QW-lA a m _2A • 


• a 2 A 








a 2 


ai 




• a 3 A 


: ai £ F > 


< 




«3 


«2 


oi a 


(J4A 




V 




«m-2 




ao / 
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Note that we have a simple description for the map Ad(p\) 1 . 



( 





«ro-lA 




• aiA \ 




( 1 











\ 


a i 


«0 


«m-lA a m _2A • 


• a 2 A 







m 











«2 


Ci 


«o a m _iA • 


• a 3 A 


















«3 


« 2 


ai a 






















fm-2 




ao / 




u 










o r-Ht) ) 



where t = ao + a\5 + a 2 S + • • • + a m -i5 m . Note that 



{ ( a 

£(<*,) 



I V 

Proposition 9.2. ;sq is given by 







tro— 1 



a G -E* 



(ao) / 



/ ao a m _iA a m _2A a m _ 3 A 

ai ao a m _iA a m _2A 

a2 ai ao a m _iA 

a 3 a 2 ai a 



01A \ 
a 2 A 
a 3 A 

04A 



x(t) 



\ flm-i a m -2 • • • ao / 

for all t = ao + ai<5 + a2<5 2 + ... + a m ^i5 m ~ l G E* 5 where \\ ^ given as in Section^ 

Proof. Recall that \\ '■= X<t> Ad(p\)~ l . Then, because we have that p\ = As and s G T, we get 
that the character xx is given by 



/ a 


Om-iA a m _2A 


a m -3A • • • 


aiA \ 




( 1 











01 


ao Om-iA 


1)11-2^ • • • 


a 2 A 







m 








02 


ai a 


«m-lA • • • 


a 3 A 










e(t) 





03 


02 ai 


a 


04 A 





















«o / 




u 










where t = 


a +ai(5+a 2 o' 2 + - • 


■+a m ^5 m -\ 


Write t 


= ao+ai5+a 2 S 2 +- 


"l~Q"jyi 


_io m 








m— 1 i 



so £(t) = «o + aiTo + a 2 T 2 o 2 + • • • + a^iT"- 1 *"- 1 
of unity. Recalling the isomorphism 



r~ L (t) j 

= w n u, u G 0* E , 
w n ^(u), where T is a primitive m th root 



(7, A) (->• 7A(tu), 



we get that 
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X</> 



/to 

f(t) 

£ 2 (i) 

£ 3 (t) 










V 











o i m ~ l 


( u 

















On) 

















e{u) 























(*) / 



\ 



o («) / 



That is, 
















\ 


























e(t) 








X<^ 


















V o 










o r-Ht) J 



x(t) 



□ 

As in the end of Section [TJ we conclude that the packet of representations that DeBacker/Reeder 
construct in [6] from the data that we have obtained thus far is the single representation 



Ind 



.GL(m,F) 
F*GL(m,o F ) 



(XA ® 4) 



Recall that in Section [5.31 the local Langlands correspondence for GL(m,F), where m is an odd 
prime, was given as 

Ind W F E (x) ^%A X 

We have therefore shown that the local Langlands correspondence of DeBacker/Reeder is given by 



The positive depth correspondence of Reeder for GL(£, F), £ an 
arbitrary prime 



10 



In this section, we prove that the correspondence of [10] agrees with the local Langlands corre- 
spondence of [9] for GL(£, F), where t is an arbitrary prime, if one assumes a certain compatibility 
condition, which we describe now. Reeder's construction in [lOj begins by canonically attaching 
a certain admissible pair (L/F,Q) to a Langlands parameter for GL(£,F). His construction then 
inputs this admissible pair into the theory of [1] in order to construct a supercuspidal representation 
7r(L, f2) of GL(£, F). The compatibility condition that we will need to assume is that ir(L, O) is the 
same supercuspidal representation that is attached to (L/F,Q) via the Howe construction in [8]. 
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Most of the arguments and setup are the same as in the depth zero case, so there is not much 
to prove here. We first very briefly review the construction of |10| and refer to [TO] for various 
definitions and notions that are not explained here. 

10.1 Review of construction of Reeder 

Let G be an F-quasisplit and F u -split connected reductive group. Let B C G be a Borel subgroup 
defined over F, and T a maximal torus of B. 

The Langlands parameters considered in |10| are the maps <j) : W F -»• L G = < > kG such 
that 

(1) <ft is trivial on /( r+1 ) and nontrivial on 1^ for some integer r > 0. Here, {I^}k>o is a 
filtration on Ip defined in [101 P- 25]. 

(2) The centralizer of cj>(I^) in G is a maximal torus of G. This condition is the regularity 
condition. 

(3) G 9 ix G, and the centralizer of 4>{Wf) in G is finite, modulo Z e . This is the ellipticity 
condition. 

We may conjugate (f) by an element of G so that 4>{If) C T, and 4>(&) = Of, where / G N. Let 
w be the image of / in W , and let w be the element of W D dual to w. We say that the element w 
is associated to </>. 

Set a = w9 and suppose its action on X has order n. From an above such Langlands parameter, 
Reeder defines a T-conjugacy class of Langlands parameters 

in the exact same way as in the depth zero case. In particular, the element r is defined in the same 
way. 

As in the depth zero case, a bijection is later given between T-conjugacy classes of continuous 
homomorphisms 

4> : W F /& +1) -> L T a 

for which 4>{<&) G cxxT and characters of T* CT that are trivial on T^f 1 , where {Tfc}fc>o is the canonical 
filtration on T (see [101 p. 27-28]). This is done as follows. Via the composite isomorphism (see 

m p- 28]) 

Bom Ad{ ^ a (I F /I^ +1 \f ) - Hom M » ) ^(/f/4 r+1 ),f) = Hom $ ^( ;/1 + P ; +1 ,f ) = 

Hom $ff , H (X»(o;/l + p; +1 ),e) =Hom $£rjW (°r^/T r f l! C*) = Hom^/^.C*) (6) 

s := (/>|/ F maps to a character Xs G Hom(°T*' T /T ? ^ T 1 , C*). Then, if </>(<&) = <r k r, we get that r 
gives rise to a character of X u given by Xr(A) := A(r) for A G I ff , just as in the depth zero case. 
Recalling that T* CT = T* CT x X u , we define a character of T* CT by x<b := Xs <8> x T) which is our 
desired character of T* CT constructed from the Langlands parameter <f>. 

As in the depth zero case, we have the set X w . To A G X w , Reeder associates a 1-cocycle u\, 
hence a twisted Frobenius &\ = Ad(u\) o $. Moreover, to A is associated an affine Weyl group 
element w\, a parahoric subgroup G Xx , and an element p\ G G Xx such that <&\{p\) is a lift of w\. 
We then define T\ := Ad(p\)T and set \\ '■= X<t> ^4^(pa) _1 - To the torus T\ and the character %Xi 
we apply the construction of [1] to obtain a supercuspidal representation. Then, Reeder constructs 
a packet II((/>) of representations on the pure inner forms of G, parameterized by Irr(C^), using the 
above construction, where is the component group. 
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10.2 The case of GL(2, F) 

In this section, we consider the group G(F) = GL(2,F). Let (ft : Wf — > L G one of the Langlands 
parameters for G(F) = GL(2,F) that is considered in section [10.11 

Lemma 10.1. (ft = I na ^w F E {x) f or some admissible pair (E/F,x), where x has positive level and 
E/F is quadratic unramified. 

Proof. As in the depth zero case, the Weyl group element w that is associated to (ft is the nontrivial 
Weyl group element of GL(2,F). We know that (ft is an irreducible admissible (ft : Wf —> GL(2,C) 
that is trivial on /( r+1 ) and nontrivial on 1^ for some integer r > 0. Let E be the degree 2 
unramified extension of F. Any representation Ind^(O) where {E/F,Q) is an admissible pair is 
equivalent to the representation k : Wf — > GL(2, C) satisfying: 

1) k\w e i s given by O G E* by the local Langlands correspondence for tori. 
1 



We want to show that (ft satisfies the two conditions above, for some admissible pair (E/F,x)- 
Let's restrict (ft to We- By the composite isomorphism ([6]) above, (ft\j E gives rise to a character x 
of o* E . Then, by following the composite isomorphism ([6]) backwards, one sees that 

if \ ( X{f2(x)) \ 
V X r 2 (x ) y 



as in the depth zero case, where x(i) := As in Proposition 16.41 we know that (ft(&) 
for some a G C*, because of the ellipticity condition on 0. Therefore, we have that 



1 
a 



</>($ E ) = <ft{&) = cft^f 



a 
a 



Then x extends to a character, denoted %, of by setting x( ro ) := ° an d x\o* E := xl o J, - One 
can now see that (ft = Ind^^ix)- By the regularity condition on (ft, we get that x 7^ X\ an d thus 
(E/F,x) is an admissible pair. Finally, x has positive level since r > 0. □ 
We now calculate the character x<j>- Recall that T* CT = °T* CT x By |10|, p. 28], the character 
X<t> is given by 

X4>°N a (T®r 2 {x)) =T(0(x)) 
X<^) = M r ) 

for all T G X, G X a ,x G /p, where r 2 is the reciprocity map of [10, p. 24], N a is the norm map, 
and r is given by 0t(^) = <5" x t. 

Proposition 10.2. X(j> = X^ x . 

Proof. The analogous arguments as in the depth zero case show that x<f>\o* E = xlo* ■ in particular, 
let z G o^.. Let x G If be any element such that r 2 (x) = z, and let T be the cocharacter 



t 
1 
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Then 



N a (r®r 2 (x)) 



z 
z 



X(r 2 (x)) 
X (rzix) 



Moreover, by the same arguments as in Proposition 16.11 we get <f>(x) = 

so that T(cj)(x)) = x( z )- Finally, as we may take r to be the same element as in the depth zero 
case, we have that x^i^) = ~x{ w )-> so that x<f> = X^ x - □ 

Note that [X/ (1 — w6)X] toI = 0, so we may let A = (recall that A G X w ). It is easy to see that 
we may again take u\ = 1, and therefore <3?a = It is also easy to see that we may take w\ = w 
(see [lOl page 32]), and we may also take the same p\ as in the depth zero case in Section [7J So we 
have the same T\ as in section [7] and the analogous xx- 

We have therefore shown that if we assume the compatibility condition in the beginning of 
section [IUJ then by Proposition 111). 21 the Reeder construction attaches the representation tt x a x to 
the Langlands parameter (ft = Ind w F (x)- This shows that as long as we assume this compatibility 
condition, the correspondences of [TU] and [9] agree for GL(2,F). 



10.3 The case of GL(m,F), where m is an odd prime 

In this section, we consider the group G(F) = GL(m, F), where m is an odd prime. Let 4> : Wp — > 
L G be one of the Langlands parameters for G(F) = GL(m,F) that is considered in section [10.11 

Lemma 10.3. <j> = Ind w F (x) f or some admissible pair (E/F,x), where x has positive level and 
E/F is degree m unramified. 

Proof. The proof is similar as in the GL{2, F) case, but we include it for completeness purposes. 
As in the depth zero case in Section [8l we may conjugate <j> by an element of G so that the Weyl 
group element uu that is associated to eft is the Weyl group element (1 2 3 ... m) in the symmetric 
group on m letters. We know that <j> is an irreducible admissible (ft '■ Wf — > GL{m, C) that is trivial 
on j( r+1 ) and nontrivial on I^ r > for some integer r > 0. Let E be the degree m unramified extension 
of F. Again, any representation Ind^ F E (Q) where (E/F, SI) is an admissible pair is equivalent to 
the representation k : Wf — > GL(m, C) satisfying: 

1) k\w e IS given by Q G E* by the local Langlands correspondence for tori. 

2) 

/ • • • n(w) \ 
1 ••• 
1 ••• 



k($) 



\0 



1 



We want to show that (ft satisfies the two conditions above, for some admissible pair (E/F,x)- 
Let's restrict (ft to We- By the composite isomorphism ([6]), (ft\i E gives rise to a character x °f °*e- 
Then, by following the composite isomorphism ([6]) backwards, one sees that 
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x) = 



( X(r m (x)) 
X^r rn (x)) 

o o x e 



( r m(x)) 



\ o o 

as in the depth zero case. Now, as in Proposition 



( 
10 
1 



o ... # 

we know that 



a \ 









~(r m {x)) J 



\ o o ••• i o / 

for some a £ C*, because of the ellipticity condition on <j). Therefore, we have that 



( a 
a 
0a 



\ 





\ ••• a / 

Then x extends to a character, denoted Xi °f E* ? by setting x{ w ) := a an d X\o 
can now see that <fi = Ind^(x). By the regularity condition on 0, we get that x. 7^ X 
(E/F,x) is an admissible pair. Finally, x has positive level since r > 0. 

Proposition 10.4. x<j> = X^-x- 



x\o%- One 
* and thus 
□ 



Proof. The analogous proof as in Proposition 110.21 and the depth zero case works here. □ 
Note that [X/ (1 — w6)X] tor = 0, so we may let A = (recall that A G X w ). It is easy to see that 
we may again take u\ = 1, and therefore $a = It is also easy to see that we may take w\ = w 
(see [TOj, page 32] ) , and we may also take the same p\ as in the depth zero case in Section [9l So we 
have the same T\ as in section and the analogous xx- 

We have therefore shown that if we assume the compatibility condition in the beginning of 
section [10] then by Proposition 110.41 the Reeder construction attaches the representation tt x a x to 
the Langlands parameter <p = I na ^w F E {x)- This shows that as long as we assume this compatibility 
condition, the correspondences of [10J and [9J agree for GL(m, F), where m is an odd prime. 
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